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1. INTRODUCTION
Interval systems, with or without delays, have been extensively studied in
w xrecent years; see, for example, 24 , and the references therein. This is due
not only to theoretical interests but also to a powerful tool for robust
w xsystem analysis and practical control design; see, for example, 20 . The
derivation of sufficient conditions for the stability of interval systems with
time delays is, in general, not as easy as that without time delays.
Depending on whether the stability criterion itself contains the delay
argument as a parameter, the stability criteria for interval systems with
time delays can be classified into two categories, namely delay-indepen-
dent criteria and delay-dependent criteria. Generally speaking, the former
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are more conservative than the latter. To the best of the author's knowl-
edge, in the past, there were a number of interesting developments in the
stability analysis of interval systems with time delays, but these were mostly
restricted either to the constant time delay cases or to searching delay-in-
dependent criteria for time-varying delay cases. In many practical time
delay systems, however, the delay terms usually vary with time, tempera-
ture, or other factors. It is the purpose of this paper to investigate the
global asymptotic stability for interval systems with multiple time-varying
delays.
This paper is organized as follows. In Section 2, some criteria are
proposed to guarantee the global asymptotic stability of interval systems
with multiple time-varying delays. An example is given in Section 3 to
illustrate the main results.
2. PROBLEM FORMULATION AND MAIN RESULTS
For convenience, we define some of the notation that will be used
throughout this paper as follows:
R: the set of all real numbers,
q  4R [ x: x G 0 ,
R n: the n-dimensional real space,
R m= n: the set of all real m = n matrices,
 .  w x n 4C t [ f : t y H, t ª R : f is continuous ,1 1 1
< <a : the modulus of a complex number a,
I: the unit matrix,
AT: the transpose of the matrix A,
A*: the conjugate transpose of the matrix A,
5 5 nx : the Euclidean norm of the vector x g R ,
5 5  .A : the induced Euclidean norm or spectral norm of the matrix A,
 .   ..  .l Q resp. l Q : the maximum resp. minimum eigenvalue ofmax min
the Hermitian matrix Q,
1 .  . w xm A : the matrix measure of A; m A s l A* q A ,max2
 .  . 5 5 5 y1 5k T : the condition number of the matrix T ; k T s T ? T ,
 .l A : the ith eigenvalue of the matrix A,i
w xRe s : the real part of the complex number s,
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 .Q ? F 0 resp. Q ? - 0 : the real symmetric matrix Q is a nonpositive
 .resp. negative definite matrix,
< < w < <x w xA [ a , with A s a ,r s r s
w x w xA F B iff a F b for all r, s9, with A s a and B s b ,r s r s r s r s
; means ``for every,''
 4q [ 1, 2, . . . , q ,
 4q [ 0, 1, 2, . . . , q .
Consider the following functional differential system:
x t s f t , x , x t g R n , t G 0, 1a .  .  .  .Ç t
w xx t s w t , t g yH , 0 , 1b .  .  .
 .where x is the segment of x s for t y H F s F t with H ) 0 andt
 .  . w x  .x s [ x t q s , ; s g yH, 0 , and w t is a given continuous vector-val-t
 . n  .ued initial function. We suppose that f : R = C 0 ª R , with f t, 0 s 0,
  ..is continuous, locally Lipschitz in x and maps R = bounded sets of C 0t
into bounded sets of R n.
w x q qLEMMA 1 8 . Suppose u, ¨ , w: R ª R are continuous, nondecreasing
 .  .  .  .  .  .functions, u s , ¨ s , w s are positi¨ e for s ) 0, u 0 s ¨ 0 s 0, and u s
ª ` as s ª `. If there exist a continuous function V: R = R n ª R and a
 .continuous nondecreasing function p s ) s for s ) 0 such that
5 5 5 5 nu x F V t , x F ¨ x , ; t g R , x g R , .  .  .
and
Ç 5 5V t , x t F yw x t if V t q s, x t q s - p V t , x t , .  .  .  . .  .  .  . .
; yH F s F 0,
Ç  .  .where V is the deri¨ ati¨ e of V along the solutions of system 1 , then system 1
is globally asymptotically stable.
w x n=n < <LEMMA 2 9 . If the matrices A and B g R satisfy A F B, then
5 5 5 5A F B .
w x n=nLEMMA 3 6 . Let A g R . Then we ha¨e
 . w  .x  .a Re l A F m A , ; i g n;i
 .  .  .b m A q cI s m A q c, ; c g R.
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In this paper, we consider the following interval system with multiple
time-varying delays described, using differential inclusion, as
q
x t g A x t q A x t y h t , t G 0, 2a .  .  .  . .Ç I , 0 I , i i
is1
w xx t s w t , t g yH , 0 , 2b .  .  .
n  .where x g R is the state vector, the h t 's are time-varying delays withi
 .0 F h t F H for some H ) 0, i.e., all time-varying delays belong to somei
 .bounded closed interval, w t is a given continuous vector-valued initial
function, and
n=nw xA [ A , A [ A s a : a F a F a , ; r , s g n : R , 4I , i I , i I , i r s i , r s r s i , r s
; i g q ,
n=nw xA [ a , A [ a g R , a F a ,I , i i , r s I , i i , r s i , r s i , r s
; r , s g n and i g q.
It is our goal to find some criteria such that the global asymptotic stability
 .of the interval time delay system 2 can be guaranteed.
Define
A q A A y AI , i I , i I , i I , i
A [ , A s , ; i g q. 3 .i m , i2 2
Clearly, all entries of the matrices A 's, ; i g q, are nonnegative. Thus,m , i
the problem can be restated as follows:
Search for some criteria such that the following system
x t s A x t q A x t .  .  .Ç 0 p , 0
q
q A x t y h t q A x t y h t , ; t G 0, 4a .  .  . .  . i i p , i i
is1
w xx t s w t , t g yH , 0 , 4b .  .  .
is globally asymptotically stable for every uncertain matrix A g R n=np, i
< <with A F A , ; i g q.p, i m , i
 .Remark 1. Owing to the unknown delay arguments h t 's being time-i
 .varying, the family of characteristic quasi-polynomials of system 2 do not
exist in general. Note that most papers in the literature on the stability of
w xinterval time delay systems, such as 2, 3, 7, 12, 13, 15]17 , focused on a
family of characteristic quasi-polynomials in view of their being limited to
the case of time-invariant interval systems with constant time delays.
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Now we present our first main result, which is a delay-dependent
criterion, for the global asymptotic stability of the interval time delay
 .system 2 .
 .THEOREM 1. System 2 is globally asymptotically stable pro¨ided that
there exist a nonsingular matrix T , a set L : q, a positi¨ e constant a , and a
positi¨ e-definite symmetric matrix P such that
Ty1 y1TAT q a I P q P TAT q a I ? F 0, 5 .  .  .
with A [ A q  A , and0 ig L i
l P .min
a ? l P ? .min (l P .max
q
y1 y15 5 5 5 5 5 5 5) H ? PTA ? A T q T ? A i i m , i /  /
igL is0
q
y15 5 5 5q PTA T q l P ? k T ? A . 6 .  .  . i max m , i /  /
igq_L is0
 4Proof. Without loss of generality, we may let L s 1, 2, . . . , m : q.
 .  .Define h t s 0. Then, from 4 , we have0
qm
x t s A x t q A x t y h t q A x t y h t .  .  .  . .  .Ç  0 i i i i
is1 ismq1
q
q A x t y h t . . p , i i
is0
m m
t
s A x t q A x t y A x s ds .  .  .Ç  H0 i i
 .tyh tiis1 is1
q q
q A x t y h t q A x t y h t .  . .  . i i p , i i
ismq1 is0
qm
t
s Ax t y A A x s y h s .  . . Hi i j
 .tyh tiis1 js0
q
q A x s y h s ds . . p , j j
js0
q q
q A x t y h t q A x t y h t , t G 0, 7a .  .  . .  . i i p , i i
ismq1 is0
w xx t s w t , t g yH , 0 . 7b .  .  .
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 . y1  .  .Let x t s T y t , where T is any nonsingular matrix. Thus, from 7 ,
we have, for each t G 0,
qm
ty1 y1y t s TAT y t y TA A T ? y s y h s .  .  .  .Ç  . Hi j j
 .tyh tiis1 js0
q
y1q A T ? y s y h s ds . . p , j j
js0
q q
y1 y1q TA T ? y t y h t q TA T ? y t y h t , .  . .  . i i p , i i
ismq1 is0
; t G 0, 8a .
w xy t s Tx t , t g yH , 0 . 8b .  .  .
Define the dynamic system
m
y1Çy t s TAT y t y TA .  .  .  i
is1
=
q
t y1A T ? y s y h s . .H j j
 .tyh ti js0
q
y1q A T ? y s y h s ds . . p , j j
js0
q q
y1 y1q TA T ? y t y h t q TA T ? y t y h t , .  . .  . i i p , i i
ismq1 is0
; t G 0
[ F t , y , ; t G 0, 9a . .1 t
w x w xy t s y t , t g yH , 0 , y t s y yH , t g y2 H , yH , .  .  .  .
9b .
 .  .  .where y is the segment of y s for t y 2 H F s F t, y s [ y t q s , ;t t
w x 5 5 5  .5  .s g y2 H, 0 , and y [ sup y t q r . By comparing 8 withst y2 H F r F 0
 .  .  .9 , it is easy to see that y t s y t , ; t G 0. Furthermore, by Lemma 2,
one has
y1 y15 5 5 5 5 5TAT y t F TAT ? y , 10 .  .st
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qm
t y1y TA A T ? y s y h s . . Hi j j
 .tyh tiis1 js0
q
y1q A T ? y s y h s ds . . p , j j
js0
qm
y1 y15 5 5 5 5 5 5 5 5 5F H ? TA ? A T q T ? A ? y , 11 .  si i m , i t /  /
is1 is0
q q
y1 y15 5 5 5TA T ? y t y h t F TA T ? y , 12 .  . .  si i i t /
ismq1 ismq1
and
q q
y1 5 5 5 5TA T ? y t y h t F k T ? A ? y . 13 .  .  . .  sp , i i m , i t /
is0 is0
n . This shows that the functional F : R = C 0 ª R maps R = bounded1
n ..  .  .sets of C 0 into bounded sets of R in view of 10 ] 13 . In addition, by
Lemma 2, we have
y1 y15 5 5 5 5 5 5 5 5 5TA T F T ? A ? T F k T ? A , ; i g q. 14 .  .p , i p , i m , i
Let
TV y t s y t Py t . 15 .  .  .  . .
  ..  .The time derivative of V y t along the trajectories of system 9 is given
by
ÇV y t . .
TT y1 y1s y t P TAT q TAT P y T .  .  .  .
qm
tT y1y 2 y t ? P ? TA A T ? y s y h s .  . . Hi j j
 .tyh tiis1 js0
q
y1q A T ? y s y h s ds . . p , j j
js0
q
T y1q 2 y t ? P ? TA T ? y t y h t .  . . i i
ismq1
q
T y1q 2 y t ? P ? TA T ? y t y h t . 16 .  .  . . p , i i
is0
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Furthermore, one has
qm
tT y1y2 y ? P ? TA A T ? y s y h s . . Hi j j
 .tyh tiis1 js0
q
y1q A T ? y s y h s ds . . p , j j
js0
m
5 5 5 5F 2 y t ? H ? PTA .  i /
is1
q
y1 y15 5 5 5 5 5 5 5? A T q T ? A ? y , 17 . si m , i t /
is0
q
T y12 y t ? P ? TA T ? y t y h t .  . . i i
ismq1
q
y15 5 5 5 5 5F 2 y t ? PTA T ? y , 18 .  . si t /
ismq1
and
q
T y12 y t ? P ? TA T ? y t y h t .  . . p , i i
is0
q
5 5 5 5 5 5 5 5F 2 ? y t ? P ? k T ? A ? y . 19 .  .  . sm , i t /
is0
 .  .  .  .Applying 5 and 17 ] 19 to 16 yields
m
TÇ 5 5 5 5V y t F y2a y t Py t q 2 y t ? H ? PTA .  .  .  . .  i /
is1
q
y1 y15 5 5 5 5 5 5 5? A T q T ? A ? y si m , i t /
is0
q
y15 5 5 5 5 5q 2 y t ? PTA T ? y .  si t /
ismq1
q
5 5 5 5 5 5 5 5q 2 y t ? P ? k T ? A ? y . .  .  sm , i t /
is0
STABILITY OF INTERVAL SYSTEMS 37
m
25 5 5 5 5 5F y2al P y t q 2 y t ? H ? PTA .  .  . min i /
is1
q
y1 y15 5 5 5 5 5 5 5? A T q T ? A ? y si m , i t /
is0
q
y15 5 5 5 5 5q 2 y t ? PTA T ? y .  si t /
ismq1
q
5 5 5 5 5 5q 2 y t ? l P ? k T ? A ? y . 20 .  .  .  . smax m , i /
is0
 .By 6 , there exists a sufficiently small constant « ) 0 such that
l P .miny11 q « ? a ? l P ? .  .min (l P .max
qm
y1 y15 5 5 5 5 5 5 5) H ? PTA ? A T q T ? A i i m , i /  /
is1 is0
q q
y15 5 5 5q PTA T q l P ? k T ? A , .  . i max m , i /  /
ismq1 is0
which implies
l P .max
u [ a ? l P y 1 q « ? .  .min ( l P .min
qm
y1 y15 5 5 5 5 5 5 5?H ? PTA ? A T q T ? A i i m , i /  /
is1 is0
ql P .max y15 5q 1 q « ? ? PTA T .  i(  /l P .min ismq1
3 ql P . .max
5 5q 1 q « ? ? k T ? A ) 0. 21 .  .  .) m , i /l P .min is0
 .  . 2  .  . 2In the spirit of Lemma 1, with u t s l P ? t , ¨ t s l P ? t , andmin max
 .  .2p s s 1 q « s ) s for s ) 0, we assume that
V y t q s - p V y t , ; y2 H F s F 0, .  . .  . .
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which implies that
l P .max
5 5 5 5y t q s - 1 q « ? ? y t , ; y2 H F s F 0. 22 .  .  .  .( l P .min
 .  .Substituting 22 into 20 , it can be shown that
2Ç 5 5V y t F y2al P y t .  .  . . min
ml P .max 25 5 5 5q 2 1 q « ? ? y t ? H ? PTA .  .  i(  /l P .min is1
q
y1 y15 5 5 5 5 5? A T q T ? A i m , i /
is0
ql P .max 2 y15 5 5 5q 2 1 q « ? ? y t ? PTA T .  .  i(  /l P .min ismq1
3 ql P . .max25 5 5 5q 2 1 q « ? y t ? ? k T ? A .  .  . ) m , i /l P .min is0
25 5s y2u ? y t , 23 .  .
 .  .  .in view of 17 . Thus, by Lemma 1 with 15 and 23 , we conclude that
 .  .system 9 and system 2 are both globally asymptotically stable. This
completes our proof.
Setting L [ B in Theorem 1, we may obtain the following delay-inde-
 .pendent criterion for the global asymptotic stability of system 2 .
 .COROLLARY 1. System 2 is globally asymptotically stable pro¨ided that
there exist a nonsingular matrix T , a positi¨ e constant a , and a positi¨ e-
definite symmetric matrix P such that
Ty1 y1TA T q a I P q P TA T q a I ? F 0 .  .0 0
and
ql P .min y15 5a ? l P ? ) PTA T . min i(  /l P .max is1
q
5 5q l P ? k T ? A . .  . max m , i /
is0
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Simply setting L [ p in Theorem 1, we may obtain the following
 .delay-dependent criterion for the global asymptotic stability of system 2 .
 .COROLLARY 2. System 2 is globaly asymptotically stable pro¨ided that
there exist a nonsingular matrix T , a positi¨ e constant a , and a positi¨ e-defi-
nite symmetric matrix P such that
Ty1 y1TAT q a I P q P TAT q a I ? F 0, 24 .  .  .
with A [ q A , andis0 i
l P .min
a ? l P ? .min (l P .max
q q
y1 y15 5 5 5 5 5 5 5) H ? PTA ? A T q T ? A i i m , i /  /
is1 is0
q
5 5q l P ? k T ? A . 25 .  .  .max m , i /
is0
Remark 2. In some cases, the uncertain matrices A 's, ; i g q, canp, i
be represented as rank-one-type structures, i.e.,
n n
TA s a e ? e , ; i g q , . p , i p , i , r , s r s
ss1 rs1
where
< < w xa F a , A [ a , ; r , s g n and i g q ,p , i , r , s m , i , r , s m , i m , i , r , s
and e is defined as an n = 1 unit vector with ith element equal to 1 andr
w x < <equal to 0 otherwise 9 . It can be easily shown that A F A , ; i g q.p, i m , i
Consequently, the results of Theorem 1 and Corollaries 1 and 2 are also
applicable to interval systems with rank-one-type uncertain structures.
Remark 3. Note that the appearance of time-varying delays is allowed
in our consideration. Furthermore, the uncertain matrices A 's i g q, ofI, i
 .system 2 can also be time-varying, for, from the proof of Theorem 1, if
 .the matrices A 's i g q, are replaced by A t 's, i g q, the results ofp, i p, i
Theorem 1 and Corollaries 1 and 2 are still valid. In other words, our main
result are also applicable to time-varying interval systems with multiple
time-varying delays.
 .Remark 4. Even if we only consider the interval system 2 without any
delay, it is shown in the following that Corollary 1 is less conservative than
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w x w xCorollary 1 in 9 and Theorem 1 and Corollary 3.2 in 24 . Since Corollary
w x w x1 in 9 is less conservative than the other two, as illustrated in 9 , we only
w xexplain that Corollary 1 in 9 is more conservative than Corollary 1. The
w xsufficient condition of Corollary 1 in 9 can be described, in our notation,
as
T 5 5A q A q 2 A I ? - 0.0 0 m , 0
It follows that there exists a sufficiently small positive constant « such that
T 5 5A q A q 2 A I q 2« I ? F 0.0 0 m , 0
Thus, it can be readily deduced that
Ty1 y1TA T q a I P q P TA T q a I ? F 0 .  .0 0
and
l P .min
5 5a ? l P ? ) l P ? k T ? A , .  .  .min max m , 0(l P .max
5 5if we let P s T [ I and a [ A q « ) 0. This implies that Corollarym , 0
w x1 is less conservative than Corollary 1 in 9 .
 .Remark 5. Even if we only consider system 2 with time-varying delays
but no uncertain interval, i.e.,
A s A s A , A s 0, ; i g q ,i I , i I , i m , i
it is shown in the following that the condition
q
5 5m A - y A 26 .  .0 i
is1
implies that there exist a positive constant a , a nonsingular matrix, and a
positive-definite symmetric matrix P such that
Ty1 y1TA T q a I P q P TA T q a I ? F 0 .  .0 0
and
ql P .min y15 5a ? l P ? ) PTA T . . min i(l P .max is1
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 .Thus, by Corollary 1, system 2 is evidently globally asymptotically stable.
Now we illustrate it as follows.
Let
P s T [ I , a [ ym A . 27 .  .0
 .Clearly, a is a positive constant in view of 26 . It can be easily deduced,
from Lemma 3, that
TT y1 y1x TA T q a I P q P TA T q a I x .  .0 0
TTs x A q a I q A q a I x .  .0 0
T TF max Re l A q a I q A q a I ? x x .  .i 0 0 5
ign
s 2m A q a I xT x .0
T ns 2 m A q a x x s 0, ; x g R , .0
which implies that
Ty1 y1TA T q a I P q P TA T q a I ? F 0. .  .0 0
 .  .Furthermore, from 26 and 27 , it can be verified that
q ql P .min y15 5 5 5a ? l P ? s ym A ) A s PTA T . .  .  min 0 i i(l P .max is1 is1
w x  .The sufficient condition of Corollary 1 in 21 is exactly the same as 26
for the system with constant commensurate time delays, under which the
global asymptotic stability of such systems can be guaranteed. Conse-
quently, we conclude that Corollary 1 is also less conservative than
w xCorollary 1 in 21 .
3. ILLUSTRATIVE EXAMPLE
We provide an example in the following to illustrate our main results.
Consider the following interval system with multiple unknown time-vary-
ing delays described as
x t g A x t q A x t y h t q A x t y h t , t G 0, .  .  .  . .  .Ç I , 0 I , 1 1 I , 2 2
28a .
w xx t s w t , t g yH , 0 , 28b .  .  .
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2  .  .where x g R , 0 F h t F H F 0.2, ; i g 2, w t is any continuousi
vector-valued initial function, and
A s A , A , ; i g 2,I , i I , i I , i
y0.1 0 0.1 0.2A s , A s ,I , 0 I , 0y0.1 y0.1 0.1 0.1
y1.1 y0.1 y0.9 0.1A s , A s ,I , 1 I , 10 y1.1 0.2y0.9
y1.1 y0.2 y0.9 0A s , A s .I , 2 I , 2y0.2 y1.1 0 y0.9
 .  .  .Comparing 2a with 28a , one has q s 2. From 3 , it is readily obtained
that
0 0.1 y1 0 y1 y0.1A s , A s , A s ,0 1 20 0 0.1 y1 y0.1 y1
0.1 0.1A s A s A s .m , 0 m , 1 m , 2 0.1 0.1
It follows that
5 5 5 5 5 5A s 0.1, A s 1.0512, A s 1.1,0 1 2
5 5 5 5 5 5A s A s A s 0.2.m , 0 m , 1 m , 2
By selecting the parameters
1 0
a s 2, P s T s ,
0 1
 .  .it can be verified, from 24 and 25 , that
T 0 0y1 y1TAT q a I P q P TAT q a I s ? F 0, .  . 0 0
l P .min
a ? l P ? .min (l P .max
q
5 5s 2 ) 1.8627 G H ? PTA i /
is1
q
y1 y15 5 5 5 5 5? A T q T ? A i m , i /
is0
q
5 5q l P ? k T ? A . .  . max m , i /
is0
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 .FIG. 1. Typical phase trajectories of system 29 .
 .Consequently, by Corollary 2, we conclude that system 28 is globally
asymptotically stable. Some typical phase trajectories of the system
x t . 0.1 sin t 0.1Ç  .1x t s s x t .  .Ç
x t 0.1 cos t 0 .  .Ç2
y1 0q x t y 0.1 q 0.1 sin t . .0.1 q 0.1 cos t y0.9 .
y1 y0.1q0.1 sin t .q x t y 0.1 y 0.1 cos t , . .y0.1 y1q0.1 cos t .
29 .
 .which is a member of the interval system 28 , are depicted in Fig. 1.
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